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Rapid Finite-Difference Computation of Subsonic and Slightly
Supercritical Aerodynamic Flows

E. DALE MARTIN* AND HARVARD LOMAXT
NASA Ames Research Center, Moffett Field, Calif.

Rapid iterative (or semidirect) computation methods are developed for highly efficient finite-difference solution
of the nonlinear equations of subsonic and transonic aerodynamics. Applicability is restricted to subsonic through
slightly supereritical conditions. At each iteration, a fast, direct elliptic algorithm solves the entire computation
field. A special acceleration device for the iterative convergence is developed. The methods are applied, using a
recently developed direct Cauchy-Riemann solver, to the nonlinear transonic small-disturbance equations for a
biconvex airfoil. At M = 0.7, t/c = 0.1 (subcritical), three iterations on a 39 x 32 mesh (totalling 2.45 sec on an
IBM 360/67 computer) obtain convergence within 0.1/, A slightly supercritical case requires seven iterations
(6.75 sec) for convergence within 1%. A very recent revision of the Cauchy-Riemann solver reduces these computing
times by more than 30%/. Strong supercritical cases do not converge, but the results, including the small computation
times and the computational accuracy, demonstrate the usefulness of these techniques in subsonic flow computations
through the critical condition and suggest the potential usefulness of further developments for transonic flow.

I. Introduction

ONTINUING development of more efficient computa-

tional techniques is needed, not only for increased economy
in solving problems that can be treated by other methods, but
also because such development can lead to successful solutions
that would not otherwise be economically feasible with any
available computer.

The purpose of the present investigation is to devise rapid
iterative computation methods for the finite-difference solution
of the nonlinear equations of steady, inviscid subsonic and
transonic flows over airfoils. The approach is to use one of the
fast, direct elliptic solvers'~7 for each step within a rapidly
converging iteration scheme. A combination of recent and present
developments enables the direct solvers to be used efficiently in
these nonlinear aerodynamic flow computations. The work
reported here, which is restricted to subsonic and slightly super-
critical flow, represents the first phase of this continuing
investigation.

The methods currently receiving the most use in the numerical
computation of steady subsonic and transonic irrotational flows
about airfoils are the relaxation methods, such as the successively
improved methods of Sells,® Murman and Cole,” Garabedian
and Korn,'° and Jameson.!* Recently, Murman'? made further
improvements to the finite-difference algorithms in the relaxation
approach.

The present approach is an alternative to the conventional
relaxation methods and can be significantly faster, although
handling of shock waves and geometry is not yet as highly
developed. The direct solvers to be used at each iteration step
are efficient because they take advantage of the highly ordered
block structure of the matrix equations representing the finite-
difference equations. When applied to certain forms of linear
equations, these solvers are noniterative; they solve the entire
computation field in a single closed sequence of steps, in contrast
to iterative methods that do not have a predetermined number of
operations. A semidirect method, i.e., an iteration scheme em-
ploying a direct solver at each step, is a “complete-block”
iteration, as the ultimate addition to the sequence of “point-
relaxation,” “line-relaxation,” and “block-relaxation” iterative
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methods. In the semidirect method, the complete block would
cover the entire field of either a two- or three-dimensional
problem.

The use of direct solvers within iteration schemes was recently
considered by Roache'® in treating the steady Navier-Stokes
equations. Widlund'* has briefly discussed similar procedures for
general elliptic problems using devices such as Chebyshev
acceleration and scaling to increase the convergence rate. Concus
and Golub!® have also investigated and further developed these
iteration schemes to achieve rapid convergence in general elliptic
problems.

Although fast, direct elliptic solvers have been used to some
extent in fluid-dynamical problems with simple boundaries and
simple boundary conditions (see Ref. 16 for examples), their use
in more general problems, including aerodynamics, has been
severely restricted because of the requirement of simple boun-
daries. The recent developments in Ref. 17 allow the efficient use
of direct elliptic solvers in problems with arbitrary interior
boundaries. Reference 18 included a calculation of inviscid sub-
critical compressible flow over a lifting airfoil using the full
nonlinear equations for the stream function and using the tech-
nique of Ref. 17 to apply interior boundary conditions (on the
airfoil) with a direct solver in an iteration scheme.

In this paper, we first consider a new approach to acceleration
of iterative convergence using fast direct solvers. We then use
this approach in a calculation of subsonic and slightly super-
critical flow over a thin biconvex airfoil using the nonlinear
transonic small-disturbance equations for the perturbation
velocities and the Cauchy-Riemann solver presented in Ref. 7.

II. Rapid Numerical Iteration Techniques
Using Direct Elliptic Solvers

Several different approaches to iteration using direct elliptic
solvers are considered. For the various later applications, it is
convenient to describe these approaches in some generality. (A
specific simple example is given below for illustration.) Consider
here a general system of nonlinear partial-differential equations
in a domain R

LU =F{U,x} in R (1

where U = U(x) is a vector function of the spatial position
vector x and L is a linear elliptic differential operator chosen
so that a discrete form of it can be handled by direct methods.
The operator L can be the result of both scaling and shifting
as discussed by Concus and Golub.!® The notation, F{U,x}
denotes that F may be a function of x, U, and the derivatives
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of U with respect to the components of x. With this notation,
nonseparable linear elliptic equations, nonlinear equations, or
even mixed elliptic-hyperbolic equations can be represented
formally. (An example of the latter is discussed in Sec. I11.)

For the development following, it is also convenient to consider
what we refer to as the extended form of Eq. (1):

LU = (1-¢)F{U, x}+¢F{U,x} in R 2
where ¢ is an “artificial parameter” and U, is some specified
function of x, such as an approximation to U = U(x,e).
Equation (2) is more general than Eq. (1), but the solution to
Eq. (2) with special values of & is useful for treating Eq. (1).
For example, at ¢ = 1, the solution to Eq. (2) is the same as the
solution to Eq. (1) with the same boundary conditions.

A. Method 1—Successive Approximations with Parameter

The simplest iteration scheme is the method of successive
approximations. For this, Eq. (2) with ¢ = 0 gives an approximate
form in which U, may be interpreted as the result of a previous
iteration and U is the next iterated result. In conventional
relaxation methods, this form is usually combined with a
“relaxation parameter,” designated here as v. Such a scheme is
commonly presented in two steps for iteration number
n=1273,...

LU, =F{U, ,x} (3a)

where
Un :Un*1+v(Un_Un—1) (3b)
If v =1, this is the most straightforward method of successive
approximations. Following the notation for conventional relaxa-
tion methods, the vector in parentheses in Eq. (3b) is called a

“residual.” Equations (3) are referred to as a preconverged form
of Eq. (1). :

B. Method 2—Series Expansion and Aitken/Shanks Formula

We introduce here a new approach to accelerating the iterative
convergence based on one form of a set of transforms used by
Aitken!® and studied extensively by Shanks.?® (According to
Bellman,?? the formula was first suggested by Kronecker.) The
form of the Aitken/Shanks formula used here is

u* = (ugus — ) (uy — 2uz + us) 4
where u*(x) is an improved approximation to u(x) resulting from
the successive approximations u4(X), u,(x), and u;(x), and where
u, u,, Uy, and u; are each a component of the respective vectors
U(x), Uy(x), Uy(x), and Uj,(x). This formula is generally used
to approximate a single quantity rather than a function u{x)
but here it is applied to each component u at each point in
the field [ x being a constant in Eq. (4)]. The formula is generally
used to accelerate convergence of the iterates obtained in
numerical computations by the conventional method of succes-
sive approximations.”? During preparation of this paper, the
authors learned of very recent work by Hafez and Cheng?®? in
which they applied Eq. (4) to successive iterations of the velocity
potential in a line-relaxation method for transonic-flow com-
putations.

In many cases, the use of Eq. (4) with iterates obtained
arbitrarily by successive approximations does not lead to a
significantly improved approximation of U. But a substantial and
striking improvement can be gained if the successive iterates
are obtained from truncated power series. The motivation for
using power series rather than conventional successive approxi-
mations is the following. Shanks?® has shown that the class of
transforms of which Eq. (4) is a member works best if the
sequence of approximations is nearly geometric. It is found, and
is supported by examples, that the sequence of approximations
is most nearly geometric if it is obtained from a power-series
construction. The basis of the present approach is therefore the
construction of successive numerical approximations by finite-
difference solutions derived from formal power-series expansions
to obtain as closely as possible a nearly geometric sequence
for use in Eq. (4).
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The motivation for proposing the extended form Eq. (2) is its
convenience in constructing and determining formal power-series
approximations for use in Eq. (4). Suppose the original problem
to be solved consists of Eq. (1) along with appropriate boundary
conditions, generally specified as

BU=G(x) on C (5)
where C is the boundary of the domain R of Eq. (1). Then
consider the more general mathematical problem of Eq. (2) with
condition Eq. (5) and the following facts: a) the solution to
Eq. (2) with Eq. (5) generally depends on the specified U,(x)
as well as on ¢; b) if e = 1, the solution to Eq. (2) with Eq. (5)
is also the solution to Eq. (1) with Eq. (5); ¢) if U,(x) = U, the
solution to Eq. (2) with Eq. (5) is also the solution to Eq. (1)
with Eq. (5); d) if U,(x) can be used formally as an initial
approximation to U, then because of c, it is a good basis for
formal successive approximations; and e) if U is expanded
formally in powers of ¢, substituted into the problem of Eq. (2)
with Eq. (5), and the coefficients of powers of ¢ in the resulting
equation are collected, then U, can be treated precisely as an
initial approximation and the resulting power-series solution in
¢ can be evaluated at ¢ = 1 to represent an approximate solution
to Eq. (1).

The procedure is as follows. Formally expand U(x,¢) in
powers of ¢

U(x, &) ~ Uj(x)+eUs(x)+ e2U5x) + -+ (6)
[Although this is equivalent to a Taylor expansion about ¢ = 0,
the subsequent use of the results in the Aitken/Shanks formula,
Eq. (4), does not depend on the convergence of Eq. (6) at any
specified value of ¢ (see Shanks?°).] Substitute Eq. (6) into Eq. (2)
and condition Eq. (5) and collect coeflicients of powers of .
This leads to the respective problems for U}, U5, and Uj:

LU; =F, in R BU; = G(x) on C (7a)
LU, = F,—F, in R BU,=0on C (7b)
LU, =F, in R BU, =0 on C (7)
where
F,=F{U,x} ®)
and where F{U, x} is expanded as
F{U) +eU%+ -+ x} = Fy +eFy+ - (9)

Since the desired successive approximations U,, U,, Us, whose
components are need for use in Eq. (4), are successive truncations
of the series Eq. (6), we define the truncated series as

U, (x) = U F,=F)
U,(x) =U; +eU) F, = F+¢F, (10)
Us(x) = Uj +eUs +£2U4

Using Eqgs. (10) in Eq. (7), we can then replace the problems,

Eq. (7), by the respective problems for U, U,, and U;. The
final step is set ¢ = 1, with the results:

LU, =F, in R BU,; = G(x) on C (11a)
LU,=F, in R BU,=G(x) on C (11b)
LU; =F, in R BU; = G(x) on C (11¢)

Since e is 1, Eqs. (11) are problems for successive approxima-
tions to the solution of Eq. (1) with condition Eq. (5). Since
the resulting U, U,, and Uj; at any x are the results of successive
truncations of a formal power series, they are generally in a
more nearly geometric sequence than would be the results of
method 1, and so the components of each U, are generally better
for use in Eq. (4) to obtain an improved approximation.

Note that: a) If the right-hand side of Eq. (1) is linear in U(x),
then the problems for the successive U, in Eq. (11) will be equiva-
lent to results from method 1, Egs. (3), with v = 1; b) since U,(x)
in Eqgs. (2) and (8) is arbitrary, it may be specified as zero, or as
the result of a previous iteration. Thus, for example, one may
specify U, = 0 for n = 1, find U,, U,, and Us, and use Eq. (4)
to obtain an improved solution, which may then be used as the
new U, to start the sequence again; c¢) if U,(x) is too close to the
exact solution, then a large number of significant figures would
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be needed for the quantities in Eq. (4). Without a large number
of significant figures, both the numerator and denominator in
Eq.(4) would be erroneous. Therefore, in numerical computations
with limited significant figures, the use of Eq. (4) becomes in-
appropriate when. U, has been determined too closely to the
correct solution at any point. As a result of this property, it has
been found convenient to use method 2 for only one or two
cycles to obtain an approximate solution close to the converged
solution, then proceed to convergence using method 1 or other
combinations of devices such as described by -Concus and
Golub.*?

C. One-Dimensional Example

To illustrate very simply the application of methods 1 and 2
in an analytical example, consider the following simple one-
dimensional problem: the nonlinear differential equation, with a
linear operator, to be solved is

dujfdx+u=(1/2u* in 0<x<ow (12a)
with the boundary condition,
u(0) =1 (12b)

To solve Egs. (12) by method 1 with v =1, we put Egs. (12)
in the form of Eq. 3)forn=1,2,3,...
(dfdx+ Vu, = (1/2u?_, (13a)
with
u,(0)=1 (13b)
With the initial approximation u,(x) = 0, the analytical results
for uy(x), uy(x), and us(x) evaluated at x = 1 are, respectively,
u (1) = 03678794412, u,(1) = 0.4841515202, and wu3(l)=
0.5247721376. If, in one approach, these successive approxima-
tions were put into formula (4) to obtain a better approximation,
the result would be u*(1) = 0.546583145, which is just slightly
closer to the exact value, u(1) = 0.5378828428, than is the third
approximation.
Consider now the solution to Egs. (12) by method 2 as
previously described. The extended form Eq. (2) of Eq. (12) is
dufdx+u = (1—¢)(1/2)u,” +e(1/2)u? (14)
with condition (12b). Expanding u(x) in powers of ¢ as in Eq. (6)
and substituting it into Eq. (14) and Eq. (12b) lead to the
problems corresponding to Eq. (7):

(d/dx+ )y = (1/2)u,>
(d/dx+ Dty = (1/2)[(w1)* —u,’]
(d/dx+ 1y = v\

w0 =1  (15a)
w0)=0  (15b)
w0)=0  (150)

or corresponding to Egs. (11) with ¢ =1 for the respective
approximations u(x), u,(x), and us(x)

(d/dx+ uy = (1/2)u,>

(d/dx+ Vuy = (1/2)u,? u,(0) =1 (16b)

(d/dx+Nus = (1/2)u* ~(1/2)(ws —12)*  us(0)=1 (16c)
Note that although Eqgs. (16a) and (16b) are equivalent to
Eqgs. (13), there is a difference in Eq. (16¢) because of the non-
linearity of the right side of Eq. (12a). With the initial approxima-
tion u,(x) =0, the analytical results evaluated at x =1 are
uy(1) = 03678794412, u,(1) = 04841515202, and wus(l) =
0.5209005060. Now substituting these successive approximations,
obtained from the power-series construction of method 2, into
formula (4) yields the improved approximation, u*(1)=
0.537882842. This result is the same to eight significant figures
as the exact solution quoted above to 10 figures. The very high
accuracy in this example occurs because the sequence found by
method 2 is precisely geometric. Equation (4) then extrapolates
to the exact solution. (The application in Sec. III below involves
sequences that are not precisely geometric.) The previous example
demonstrates the power of method 2, in contrast to method 1,
in obtaining successive approximations that are most appropriate
for use in the Aitken/Shanks formula for accelerating iterative
convergence.

u,(0) = 1 (16a)
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D. Specific Forms of LU = F

In Ref. 18 and Sec. IH below, the specific forms of Eq. (1)
treated numerically using fast, direct elliptic solvers are

V2 = F{y} (17)

0/ox 00y |lu] [s{u}
{a/ay Aa/axJ[vJ”[ 0} 19

The continuous forms of the iteration procedures were pre-
viously described. The discretized forms depend on the particular
forms of Eqs. (17) and (18) and are discussed later. Although
the operator matrix on the left-hand side of Eq. (18) is purely
elliptic, the discretized forms in Sec. I1I can also handle embedded
hyperbolic regions by modifying the right-hand side of Eq. (18)
(to be shown).

and

E. Iterative Convergence

An excellent discussion of the convergence of semidirect
methods applied to nonseparable linear elliptic equations is
given by Concus and Golub.?® It is instructive to apply such an
analysis to method 1 applied to a linear elliptic form of Eq. (17),
and this has been done in Ref. 18, where the optimum relaxation
parameter v and the corresponding convergence rate are
determined.

III. Solution to Transonic Small-Disturbance
Equations for a Biconvex Airfoil

Consider now the solution to the nonlinear small-disturbance
equations for steady, irrotational, subsonic or transonic flow of
a perfect gas over a thin symmetrical parabolic-arc biconvex
airfoil alined with a uniform subsonic free stream. Steger and
Lomax?* have shown that the first-order system of partial-
differential equations in terms of the “primitive variables”
(velocity components and density) could be used successfully in
a generalized relaxation procedure for transonic airfoii flow
computations. It is found here that the finite-difference operators
for the small-disturbance velocity potential of transonic flow in
the relaxation method of Murman and Cole,® as recently im-
proved by Murman,'? adapt most naturally to the small-
disturbance, first-order partial-differential equations for the per-
turbation velocity components. Our colleague, Dr. E. Murman,
has independently come to the same conclusion. In the present
treatment, the semidirect methods 1 and 2 of Sec. 1I are used
to solve these equations in the discretized basic form of Eq. (18),
with a direct Cauchy-Riemann solver’ used for the elliptic
operator. The advantages of a certain scaling of the equations
for the semidirect methods, as well as the advantages of the
appropriate use of the Aitken/Shanks formula in method 2 over
the straightforward method 1, are investigated. A slightly super-
critical (mixed elliptic-hyperbolic) case is described in the Results,
as well as subcritical examples.

A. Small-Disturbance Equations for Thin Airfoeil

Let the x-axis be in the direction of the airfoil chord and the
y-axis be normal to the chord and bisect it. Both x and y are
normalized by the chord length ¢. Let U and V be the x and y
components of velocity normalized by the freestream velocity
qw, M, be the freestream Mach number, and y be the ratio
of specific heats. The approximate relations for the dimensjonless
perturbation velocities u and v are taken to be

U=1+1u V=r1v (19)

where 7 is the small thickness ratio of the airfoil. The transonic
small-disturbance equations are then

U +v, = bu, +au?), (20a)
Uy~ =0 © (20b)

where
b=M,? a=(1/2)(y+ 1M %t (21)
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The corresponding pressure coefficient is C, = —27u. For the
nonlifting case considered here, the exterior conditions are
u,v—> 0 as x?+ y? > o0, and the thin-airfoil condition represent-
ing flow tangency at the surface is that tv(x,0) equal the airfoil
slope at the corresponding x.

A convenient scaling of the preceding problem is accomplished
by the Prandtl-Glauert transformation, using = (1— M 2)V?;
thus

u(x.y) = (1/Bya(x, 7) (22a)
v(x,y) = o(x, 9) (22b)
y=(1/p)y (220)
transforms the smalil-disturbance equations to
U+ 05 = a(u®), (23a)
U;—0, =0 (23b)
where
a=a/f=1/2)(y+ DM t(1-M 232 (23¢c)
and the corresponding pressure coefficient is C, = —2(t/f)L
For the biconvex airfoil, the boundary conditions are
0(x,0) = —4x (—0.5<x<0.5) (23d)
=0 (x| >05) (23e)
2,60 as x*+y9° > (231)

Note that a) the solution depends on a single similarity para-
meter g, like the usual transonic similarity parameters?3+2¢ K or
K ; b) the linearized Prandtl-Glauert approximation is obtained
by simply setting y = — 1, leaving @ = 0; and c) the condition
at infinity when a4 0 can be replaced conveniently by the
approximate condition of the analytical Prandtl-Glauert solution
applied on a finite boundary at some distance from the airfoil;
in terms of the complex variable z = x4+ iy, it is

4 0.5
(i ithno =+ [1 ~2log (Z i 5)] (24)

One drawback of the formulation, Eq. (23), is that it cannot be
used at M, = 1.
Both series of Egs. (20) and (23) may be put into the form

(1-b—2auwyu,+v,=0 (25a)

u,—v,=0 (25b)

where the variables and parameters are understood to have
“bars” if Egs. (23) are being considered, and where b =0.

Equations (25) change type where the coefficient of u, changes
sign. This defines the critical velocity:

ucg=(1-0)2a tcr=1/2a (26)
(Note that 1/2d = (— K {)*?, where K is the similarity parameter
on page 237 of Ref. 26.) The corresponding critical pressure
coefficient is C,* = —2tucg = — 2(7/B)icr. Equations (25) are
elliptic, parabolic, or hyperbolic, depending on whether
U < Ueg, U = Ucg O U > ticg For numerical computations, we
apply finite-differencing schemes only to the conservation form
of the transonic Egs. (20) or (23). Equations (25) are used only
to determine the choice of difference operator, as described in
Sec. IHIB.

B. Converged Forms of Difference Equations

Murman'? discusses four different types of finite-difference
operators: elliptic, hyperbolic, parabolic, and shock-point. The
first two apply at points where the chosen difference equations
are clearly elliptic or hyperbolic and the last two apply near
where the flow is in the process of changing from one to another.
The difference formulas described here (in the converged form)
are identical to Murman’s except that they are in terms of u and
v rather than the velocity potential.

The adaptation of type-dependent difference operators for the
velocity potential to the velocity components is straightforward
if a staggered u,v mesh 1s used. The Cauchy-Riemann solver’
employs a staggered mesh for u and v that is particularly suited
forusewith difference operators equivalent to Murman’s. Figure 1

(Ui < tcr < (un)jit
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Fig. 1 Staggered meshes for u and v.

shows the pattern of u and v points (indexed by j in the x
direction and k in the y direction) that is used in Ref. 7 and
that also will be used here. The dots and “s points” in Fig. 1
are points at which the “continuity equation,” Egs. (20a), (23a),
or (25a), is to be satisfied. The crosses, or “w points” are points
at which the “vorticity equation,” Egs. (20b) or (23b), is to be
satisfied.

First consider the vorticity equation. For all j, k, regardless of
whether the point w;, in Fig. 1 is in an elliptic or a hyperbolic
region, both derivatives in this equation are replaced by central
differences because nothing about this equation changes when
the system changes type. Maintaining central differencing every-
where simply guarantees conservation of both local and global
vorticity. If we denote a central difference for a derivative by
subscript ¢, the general finite-difference representation of the
vorticity equation is simply

Uye— Uy =0 (27)

Next consider the continuity equation. The differencing
schemes applied to this equation change as the system changes
type. The type depends on the sign of u—ucg [In the following
discussion, the variables and parameters are understood to have
“bars” if Egs. (23) are being considered.] It is convenient to
define certain “test variables,” which we denote as (u.);, and
(un); 1, corresponding to each point s;,. The precise definitions
will depend on the specific differencing schemes chosen, but
(uo);x < ucg means the chosen elliptic difference operator is
appropriate at point s;;, and (u,);, > ucg means the chosen
hyperbolic difference operator is appropriate. Following
Murman,'? we define the four different types of points in the
transonic field as in Table 1.

The operators at points designated H and S include upstream
or “backward differences.” In the following, a backward-
difference form of a derivative is denoted by subscript b.

Since the direct Cauchy-Riemann solver to be used always
solves an elliptic operator that is central differenced, it is con-
venient to write the difference form of the continuity equation
in the following way. At any s;, point,

Ueet Dye = Sjaltt] (28)
where
E: Sjattt} = bttt a(u®)y (29a)
H: siadu} = (b— Dty + e+ a(u?)p (29b)
P: siafu} = uy (29¢)
S: sipdu} = (b— D+ buy + al(4?) e+ ()] (294)

Even though the difference Egs. (28) and (27) have an elliptic
operator on the left, their actual type after convergence depends

" Table 1 Types of points in the transenic field

Test Type of point s;

Both (u);, and () < Ucg:
Both (u);% and (u);x > ttcg:
(uh)j,k < tcr < (Uejx:

Elliptic (E)
Hyperbolic (H)
Parabolic (P)
Shock (S)
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on u, and u, relative to ucg Because of this, we refer to them
as the general finite-difference converged form of the transonic
equations.

The general difference Eqgs. (27) and (28) are now made specific
according to the form of the differencing used in the Cauchy-
Riemann solver.” From Fig. 1, we see that central differences
about the point s;, are

Ue = (Uj—Uj- 1 1)/AX (30a)
Uy, = (Uj,k* Vjk— /Ay (30b)
The form for (u?), is, of course, the same as for u,. These are

second-order accurate. A backward difference referred to the
point designated s;; may be selected as
Uxh =(uj—1,k—uj—2,k)/AX (31)

which is first-order accurate for use in hyperbolic regions. (Other
forms of backward differencing could be used since these
quantities appear only in the right side of Egs. (29).) The
corresponding central differences for Eq. (27), about the point
designated by w;; in Fig. 1, are

Uye = (Uj 1 — Uj0)/AY (32a)

Uxe = (Uj+ 1,k Uj,k)/Ax (32b)
Direct substitution of Eqs. (31-33) into Egs. (27) and (28) provides
the converged form of the finite-difference equations to be
solved.

It remains to determine the appropriate test velocities (u,);
and (u) ;4 Following Murman’s approach,'? we put the purely
elliptic and hyperbolic forms of Eq. (28) with Egs. (29a) or (29b)
and with Egs. (30) and (31) into the form suggested by Egs. (25)
to determine the conditions for the difference equations to be
valid. If we let u = Ay/Ax, then Eq. (24) for an “E point”
becomes

L1 —b)— palu;p+u;— )] (w0 — ;- 1.k)+(vj,k_ vix-1)=0 (33)
The bracketed coeflicient is positive if
(U ju = (1/2)(ujp+1j- 1) < (1—b)/2a = ucg (34)
Similarly, Eq. (28) for an “H point” becomes
[u(1—=b)— palu;— g+ uj- 20— 16— ¥j- 20+
(Vjx—vjk-1)=0 (35)
The bracketed coefficient is negative if
(un) ju = (1/2)(uj— LT tj-20) > (1=b)2a = ucg (36)
We note that, with the differences Egs. (30-32),

(uh)j,k = (ue)j— 1.k

C. Preconverged Forms of Difference Equations

On the basis of the previous so-called converged forms of the
difference equations, which are essentially equivalent to
Murman’s difference equations for the velocity potential, we now
consider the corresponding preconverged forms applicable to the
semidirect methods 1 and 2 discussed in Sec. II.

Application of the procedure for method I in Sec. IT to the
previous equations leaves the following preconverged form

[cf. Egs. 3)]:

(Te+ Vyen = Sjac{thn-1} (37a)
(Hye— sy =0 (37b)

where
Uy = Uy 1 + V(= Uy-1) (37¢)

in which s;,{u,—,} is given by Eqs. (29). The direct Cauchy-
Riemann solver can be applied at each n to solve these difference
equations.

For method 2 in Sec. II, the difference Egs. (28) and (27) are
written initially in the extended form [cf. Eq. (2)]:

Ueet Uy = (1—8)8 1 (U} + 8555 {u} (38a)
ye Uxe = 0 (38b)

If both u(x,y,¢) and ov(x,y,¢) are expanded in powers of ¢
[Eq. (6)], the resulting finite-difference problems for the succes-
sive approximations uy, u,, us, and vy, v,, v, which are successive

u
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truncations of the power series for n = 1, 2, 3, are given by [cf.
Egs. (11)]:
(un)xc+ (vn)yc = Sp-1 (393)
(un)yc_(vn)xc =0 (39b)

with discrete forms of the conditions:

on x=x; and y=y,. u,=upg

on X =X,. U,=Upg (40)
on y=0: p,= —4x(-05<x<0.5)
=0(x| > 0.5)

The s,-; terms in Eq. (39a) are obtained by substituting the ¢
power series for u into Eqs. (29) for use in (38a). The resulting
truncations are, for n = 1 and 2 in Eq. (39a):

E: Sp—-1 = [buxc+ a(uz)xc]n'* 1
H: Sp-1 = [(b” l)uxb+uxc+a(u2)xb]nfl

P: Sue1 = [tecln-1 4D
S: Sn—1 = [(b— Dty +buus Jn—1+ a[(uz)xc+(“2)xb]n— 1

n =3 in Eq. (39a):

E: 53 = blus)ec+alus® —(uz—u;)*]s.

H: sy = (b—1)(g)ep+(r)ec+alt® — (i —u1)* ] 42)

P: §2 = (uZ)xc
S: sy =(b—1)(uz)ep +b(uz)+ ﬂ[uzz —(uy— “1)2]xb +
a[uzz— (ua— “1)2]xc

Substituting Egs. (30-32) into Egs. (39-42) yields the final forms
of the difference equations to be solved by the Cauchy-Riemann
solver for n =1, 2, 3. The resulting values of u, at each j, k are
then put into the Aitken/Shanks formula Eq. (4) for an improved
approximation. As discussed in Sec. II, the resulting u¥, may
then be used as the new u, to repeat the procedure for another
three successive approximations; or the procedure can then be
switched to method 1 if the numerator or denominator of Eq. (4)
should become too small at any j, k so that an erroneous u*
would be produced by lack of significant figures.

D. Computational Considerations

In considering whether to use method 2, one must account for
the fact that a total of four arrays with the dimensions of u;,
and v;, is needed. The two additional arrays are needed to store
uy and u, while u = u; is being determined. Then u;, is replaced
by the results of the Aitken/Shanks formula; the u;, array is
then used to obtain s;, which is put into v;, to start the next
iteration in using the Cauchy-Riemann solver.” In contrast,
method 1 with v = 1 requires only u;, and v; since s;,, formed
from the previous iteration for u;,, is put into v;; to start the
next iteration in using the Cauchy-Riemann solver. If v # 1, then
an additional array u, is needed.

E. Results for Biconvex Airfoil

The previous procedures for both methods 1 and 2 were applied
to a parabolic-arc biconvex airfoil. In the cases computed, the
Prandtl-Glauert analytical solution was applied as the exterior
condition on boundaries at x = — 1 and (about) x = +1, and on
the upper boundary at y = By = 2.0. For most cases computed,
the number of points at which each equation was satisfied was
NX = 39 in the x direction (so that Ax = 0.05) and NY =32 in
the y direction (so that Ay = 0.0625). The discretized conditions
onvaty = 0straddled the leading and trailing edges (x = F0.5)
so that u and C, were computed there, and for NX = 39 those
conditions were applied at 20 points along the airfoil chord.

The special case y = —1 (for which the exact solution is the
Prandtl-Glauert solution) has provided an effective illustration of
the advantages of method 2 over method 1. Reference 18 gives
details of comparisons of the iterative convergence.

A subcritical pressure distribution for y = 1.4, at M, = 0.7,
7 = 0.10 (for which C,* = —0.8673) is shown plotted in Fig. 2.
For comparison are shown the analytical Prandtl-Glauert
linearized-theory results and results of numerical computations
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O NUMERICAL , PRESENT METHOD,
39%32 MESH

[ —— NUMERICAL, BAILEY, RELAXATION
——=—=PRANDTL ~GLAUERT LINEARIZED
THEORY

o, —
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_'4 - -
_.6 i . . ]
=75 -.50 -.25 (e} .25 .50 .75

X

Fig. 2 Pressure on 109, thick biconvex airfoil at M = 0.7, y = 1.4
(subcritical).

supplied by our colleague, F. R. Bailey. Bailey’s program solves
the transonic small-disturbance equation for the velocity
potential using the difference operators of Murman. 2 His results
were computed with Ax = 0.02 on the airfoil and with upstream
and downstream boundaries at x = F2.68 and the upper
boundary at y = 7.105. The present results for the 39 x 32 mesh
with boundaries as previously described (Ax = 0.05) agree well
with those of Bailey.

The iterative convergence for the subcritical case in Fig. 2 is
illustrated in Fig. 3 along with results for convergence at other
subcritical conditions. The percent error in the peak pressure
(at or near the center) from its converged value is used as a
convenient indicator of the degree of convergence (although the
“maximum residual” test parameter is used in the computer
program). Figure 3 shows the number of iterations n and the
corresponding computing time on the IBM 360/67 vs M, for
the P-G scaled Egs. (23). Results for method 1 are shown by
open symbols and, for method 2, by solid symbols. All these
computations started with the initial condition u,(x,y) = 0. For
the example case of Fig. 2 (M, = 0.7) the solid-triangle symbol
on Fig. 3 shows that the peak pressure is obtained with less
than 0.1 error in three iterations and application of the Aitken/
Shanks formula (2.45 sec on the IBM 360/67 computer).

A slightly supercritical pressure distribution (at M, = 0.8,
7=0.10, y = 1.4, for which C,* = —0.46875) is shown plotted
in Fig. 4. Present results are again compared with those obtained
from Bailey’s relaxation program. For this case, his upper
boundary was at y = 6.5, the boundaries for present calculations
being those specified earlier. The present results for the 39 x 32
mesh are shown by solid circles in Fig. 4. For this case, there
was only one row of points for the u-mesh (Fig. 1), at y = 0.03125,

METHOD
8 12
|0~ O ™ MAX, RESIDUAL <10™%
& & Cpmox. WITHIN O.1% CONVERGED
6 B8F
_a
/B// [ ]
6 | —
(). sec a4l Alt)), = 0.74 sec -~
n — - A
-~ //
4 - O———
— /
[ogdl /A_—-—-A/ 'y
2r -
2r ot
(ty) = -
7~ 0.84 sec
oL { 1 i L 1 Il |
0 A 2 3 4 5 6 7

Mo

Fig. 3 Iterations for convergence in subcritical flow over biconvex

airfoil (109 thickness, 7y = 1.4, P-G scaled, 39 x32 mesh; (t,), =

(t1).+0.13 sec, where (1,), and (z,), are total computing times for n

iterations in methods 2 and 1 measured on IBM 360/67 using
FORTRAN IV, level H, OPT = 2 compiler).

AJAA JOURNAL

® 39 x 32 MESH PRESENT
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Fig. 4 Pressure on 109 thick biconvex airfoil at M, =08, y = 1.4
(slightly supercritical).

inside the supersonic region, and on this row there were five
nonelliptic points designated s;, (one P, three H, and one §)
where Eq. (37a) or (39a) was solved. In spite of this coarse
mesh, the results shown in Fig. 4 are reasonably accurate.
(Although the conservative shock-point operator of Murman'?
was used in both calculations, C,* is not at the middle of the
jump because of the weakness of the shock and coarseness of
the mesh at the aft boundary of the small supersonic bubble,
where the logarithmic singularity is not resolved.) The corre-
sponding sonic points, found by linear interpolation of velocities,
are shown as solid circles in Fig. 5.

To check the capability of the method with a finer mesh,
NX =99 was specified, with Ax = 0.02 on the body (and the
same NY as before). The results are shown in Fig. 4 by the
open circles. Except right at the peak and the shock, the results
are the same as for NX = 39, but at the peak and shock they
agree more closely with Bailey’s computation.

Because only one row of u-mesh points is inside the hyperbolic
region for NY = 32 (Ay = 0.0625), a case was run with NX = 39
and NY = 128, which put five rows of u-mesh points (and s
points) inside the hyperbolic region. The results on y = 0 were
essentially identical to those for the 39 x 32 mesh in Fig. 4; the
additional sonic points found by linear interpolation are shown
in Fig. 5. The sonic points from the coarse 39 x 32 mesh calcula-
tion are well in line with those from the 39 x 128 mesh calculation.
The aft sonic point (i.e., the shock) obtained at y = 0 by linear
interpolation in the 99 x32 mesh calculation is moved a
significant distance forward of those from the calculations for
NX = 39, indicating a more nearly normal shock wave.

o 39 %128 MESH, Ay =0.02604
® 39x32 MESH, Ay=0.10417
A 99x32 MESH, Ay=0.10417

A5 - T
o] o}
1o 1
. o (o]
y
o] [0}
05| > + >
o] o]
o] [o]
0 \—G | Il i A Py il
-5 -.10 -05 0 .05 10 15
X

Fig. 5 Sonic line over 109, thick biconvex airfoil at M, = 0.8,
y = 1.4 by linear interpolations.
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F. On the Iterative Convergence of the Slightly
Supercritical Computation

Whereas a progtammed method without the type-dependent
operators, using central differences everywhere [i. e., Eq. (29a)],
became unstable (i.e., did not converge) for the slightly super-
critical case M, =08, 1=0.1, the type-dependent methods
previously outlined definitely converged for this slightly super-
critical condition. The validity and stability of the iteration for this
case were confirmed: by using different mesh spacings with
essentially the same results; by using the 39 x 128 mesh which
included a significant number (20) of nonelliptic points in five
rows; by using a 99 x 32 mesh (Ax = 0.02) to resolve the shock
wave; by running the program long to insure complete con-
vergence(maximum normalized residual < 5 x 10~ % at all points);
and by comparing the final results with computations by
Bailey’s program using Murman’s'? line-relaxation method.

The iterative convergence of the various methods applied to the
P-G scaled equations for the slightly supercritical case on the
39 x 32 mesh is shown in Table 2. Whereas method 1 had con-
verged to within 19, in 12 iterations (11.20 sec on the IBM
360/67 computer), method 2 with two successive applications of
the Aitken/Shanks formula (six iterations) followed by switching
to method 1 with v = 1.2, converged to the same accuracy in only
seven iterations (6.75 sec) and to within 0.19, in 14 iterations
(13.37 sec). Each of these computations started with u,(x, y) = 0.
(A very recently revised version of the Cauchy-Riemann solver
that was presented in Ref. 7 achieves a more than 309 reduction
in the computing times quoted in this paper.)

At the stage of development of the methods as described
above, the cases that were tried for stronger supercritical con-
ditions had not obtained complete convergence. There are, how-
ever, more recent indications from work now in progress that
modifications in the second phase of this investigation will allow
the methods to be extended to higher Mach numbers. There
appears to be no fundamental reason why there should not be
developed a degree of success in obtaining converged solutions
similar to that obtained in using line-relaxation methods for
higher supercritical Mach numbers.

IV. Conclusions

As an alternative to the conventional relaxation methods in
use, new semidirect methods have been proposed and are in a
state of continuing development. These use fast, direct numerical
elliptic solvers within iteration schemes for computing solutions
to nonlinear flow problems. Considered to be the main contri-
bution here is a scheme that determines appropriate successive
approximations for use in the Aitken/Shanks formula to
accelerate the iterative convergence in these methods.

The application of the method in this paper includes the first
use of the Cauchy-Riemann solver within an iterative scheme
for solving a first-order system of nonlinear equations. In both
subcritical and slightly supercritical inviscid flows over a bi-
convex airfoil, the leading-edge and trailing-edge singularities

Table 2 TIterations for convergence of peak pressure on a 109/ thick
biconvex airfoil at M, = 0.8, y = 1.4 (slightly supercritical) on 39 x 32

mesh*
C,,., Within C,... within
Method % converged 0.1%; converged
n t,, sec n In, SEC
Method 1 12 11.20 20 18.56
Method 2, n =1 to 3, 11 10.50 18 17.15
then method 1, v=1.0
Method 2, n =110 6, 7 6.75 17 16.38
then method 1, v = 1.0
Method 2, n =1 to 6, 7 6.75 14 13.37

then method 1, v = 1.2

“1,1s the total computing time for n iterations using IBM 360/67 computer, FORTRAN 1V,
level H, OPT = 2 compiler.
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introduce no convergence difficulties and are captured with case
at each step. The numerical results in both cases agree well
with other similar computations using a line-relaxation method.
It is significant that the method has been shown to have some
success, with rapid convergence, in a slightly supercritical flow,
i€, in a problem with mixed elliptic and hyperbolic regions.
Further developments and improvements of these methods are
in progress.

The rapid convergence achieved in the iterations using direct
solvers in nonlinear problems, the consequent very small com-
putation times, and the accuracy of the computed results
demonstrate the usefulness of these techniques in subsonic flow
computations through the critical condition and suggest the
potential usefulness of further developments for transonic flow
computations.
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Subsonic Cascade Flutter with Finite Mean Lift

MasaNOBU NaMBA*
Kyushu University, Fukuoka, Japan

This paper gives a method of calculating the unsteady aerodynamic forces and predicting the flutter conditions
for unstalled two-dimensional cascade blades operating with finite mean lift force in subsonic flows. In this method
the unsteady effect of the oscillatory motion of a pressure dipole of a finite steady strength is represented by
the equivalent effect of a stationary pressure quadrupole with a fluctuating strength, and all the disturbance quantities
are treated on the basis of linearization. Some numerical results are provided for a cascade of flat plates in
translational oscillation at finite mean angle of attack. The effect of the Mach number upon the unsteady
aerodynamic forces and the marginal flutter conditions are investigated. The critical reduced frequency for a given
angle of attack decreases for compressor cascades, while it increases for turbine cascade with increase in the
Mach number. The contribution of the finite time mean part of the lift force to the unsteady component of the lift
force is heavily influenced by the Mach number. The possibility of negative aecrodynamic damping at the resonance
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conditions is indicated.
Nomenclature
C, = mean lift coefficient defined by Eq. (32)
C 1. Cra Cr, = unsteady lift coefficient iefined by Eq. (33)
= blade chord
K , K,a K, = kernel functions for disturbance pressure [see Eqgs. (5-

. 10) and Appendix A]
Ku, Ku,, Ku, = kernel functions for disturbance velocity [see Egs. (21—
23))

K, K, K, = y-components of Ku, Ku, Ku, respectively (see
Appendix B)

M, = Mach number of undisturbed flow

p = disturbance pressure

p = mean disturbance pressure

s = pitch/chord ratio

t = dimensionless time scaled with respect to ¢/U,

U, = undisturbed velocity of fluid

u = disturbance velocity

a = mean disturbance velocity

v, Uy, Uy = y-components of u, 4, U, respectively

X,y = dimensionless coordinates scaled with respect to ¢ (see
Fig. 2)

Z(x) = mean position of the blade camber (see Fig. 2)

Ao = mean angle of attack (see Fig. 2)

¥ = angle of stagger (see Fig. 2)

a() = Dirac’s delta function

Apg(x) = mean pressure jump across a blade

[ = nondimensional small quantity

ea(x) e = displacement of the blade scaled with respect to ¢
(see Fig. 2)

e, e = unsteady component of disturbance pressure due to

unsteady pressure dipoles
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Index categories: Subsonic and Transonic Flow; Nonsteady Aero-
dynamics.
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iht = unsteady component of disturbance pressure due to
unsteady pressure quadrupoles

eApg(x) e = unsteady part of pressure jump across a blade

eAPga(x) € = the first component of eApz(x) et

eApg, (\) e'* = the second component of eApg(x) e’

eii, e' = unsteady component of disturbance velocity due to un-

steady pressure dipoles

e = unsteady component of disturbance velocity due to un-
steady pressure quadrupoles

= reduced frequency (= wc/U,)

= interblade phase angle divided by 2

= density of undisturbed fluid

= angular frequency of blade oscillation

= real part

= imaginary part

ep, €

Y
£
<

S LERRS

—_
N

I. Introduction

N the past 20 years many studies have been done on the

vibration of cascade blades, and the theoretical methods of
treating the unstalled cascade flutter for two-dimensional in-
compressible flows are well developed.! 3 However, modern
axial compressors and turbines are designed to operate in high
subsonic or transonic flow conditions, and there exists an urgent
need to establish a method of predicting the compressibility
effect upon the cascade flutter.

In most of the theoretical work done on the vibration of
cascade blades in compressible flows, it has been assumed that
the mean deflection of the air through a cascade is very small
or zero.*” ® According to the incompressible flow theories, how-
ever, the unstalled bending flutter can not occur unless the
mean deflection of the air (in other words, the mean lift force
on the blades) is large. In order to account for the bending
flutter therefore, it is essential to allow for the finite mean lift
force.

Any approach to the problem will encounter a great difficulty
in mathematical treatments if it strictly takes account of both



